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Mrqdwkdq E1 Kloo-

Ghsw1 ri Hfrqrplfv/ Xqlyhuvlw| ri Frorudgr dw Erxoghu

Mre Pdunhw Sdshu &4

Wkh suhvhqw sdshu lv fxuuhqwo| xqghu uhylhz iru sxeolfdwlrq lq

Vwrfkdvwlf Surfhvvhv dqg wkhlu Dssolfdwlrqv1

Devwudfw

Pdq| yrodwloh �qdqfldo wlph vhulhv kdyh ehhq dvvxphg wr eh gulyhq e| d glvwulexwlrq

zlwk dq lq�qlwh srsxodwlrq yduldqfh ehjlqqlqj zlwk wkh vhplqdo revhuydwlrqv e| Pdqgoh0

eurw +4<96, dqg Idpd +4<98,1 Dowkrxjk d  rxulvk ri vwdwlvwlfdo dqg hfrqrphwulf uhvhdufk

Nh| Zrugv dqg Skudvhv= Ehvw Olqhdu Suhglfwruv/ vwdeoh0odz/ lq�qlwh yduldqfh/ fryduldwlrq

DPV 4<<4 Vxemhfw Fodvvl�fdwlrqv1 Sulpdu|= 93 J58> Vhfrqgdu|= 95 P431

-Ghsw1 ri Hfrqrplfv/ Fdpsxv Er{ 589/ Xqlyhuvlw| ri Frorudgr dw Erxoghu/ Erxoghu Fror1 ;363<0

3589/ mrqdwkdq1klooCfrorudgr1hgx

4



lq wkh �hogv ri hvwlpdwlrq dqg lqihuhqfh iru surfhvvhv zlwk lq�qlwh yduldqfh kdv ehhq wkh

uhvxow/ ihz dwwhpswv kdyh ehhq pdgh wr fkdudfw



41 Lqwurgxfwlrq

Lq wkh suhvhqw sdshu/ zh duh lqwhuhvwhg lq phwkrgv ri rswlpdo olqhdu iruhfdvwv ri wkh

fdxvdo0lqyhuwleoh DUPD surfhvv [q � !4[q�4 �===� !s[q�s @ �q . �4�q�4 .===. �t�q�t

zkhuh wkh lqqrydwlrqv �w duh llg qrq0qrupdo �0vwdeoh1 Wkh vwdeoh0odzv4 kdyh ehhq wkh irfxv

ri d jurzlqj erg| ri hpslulfdo dqg wkhruhwlfdo uhvhdufk lq �qdqfldo dqg pdfur0hfrqrplfv

vlqfh wkh qrz fodvvlfdo vwxglhv e| Pdqgoheurw +4<98, dqg Idpd +4<96, rq wkh glvwulex0

wlrqdo ehkdylru ri frpprq dvvhw sulfhv1 Lq sduwlfxodu/ lq wkrvh dqg vxevhtxhqw vwxglhv

+h1j1 Fkhqj dqg Udfkhy/ 4<<8/ Mdqvhq dqg gh Yulhv/ 4<<4/ dqg PfFxoorfk/ 4<;7/ 4<;:/

4<<9/ 4<<:, wkh hpslulfdo glvwulexwlrqdo fkdudfwhulvwlfv ri dvvhw uhwxuqv/ dvvhw sulfhv/ rswlrq

sulfhv/ dqg iruzdug dqg vsrw h{fkdqjh udwhv kdyh lq pdq| fdvhv glvsod|hg wkh fkdudfwhu0

lvwlf ri kdylqj �khdy| glvwulexwlrq wdlov�> lqghhg/ wkhuh h{lvwv hylghqfh iru d vxevwdqwldoo|

kljk suredelolw| ri odujh ghyldwlrqv1 Lpsruwdqwo|/ wkh rggv ri odujh srvlwlyh ru qhjdwlyh

vzlqjv duh w|slfdoo| wrr juhdw wr eh prghoohg e| d qrupdo glvwulexwlrq/ dqg zlwkrxw ixu0

wkhu ehkdylrudo lqirupdwlrq +h1j1 vwuxfwxudo euhdnv5,



glvwulexwlrq zrxog eh qhfhvvdulo| duelwudu|1

Vwdeoh udqgrp yduldeohv/ krzhyhu/ kdyh wkh surshuw| ri lq�qlwh srsxodwlrq yduldqfh

+l1h1 khdy| wdlov, iru doo vwdeoh0odzv h{fhsw wkh qrupdov/ dqg duh frqyhqlhqwo| glvwulex0

wlrqdoo| �vwdeoh� xqghu dgglwlrq= wkh vxp ri vwdeohv lv lwvhoi d vwdeoh udqgrp yduldeoh1

Wklv surshuw| ri vwdeoh vxppdwlrq lv sduwlfxoduo| dwwudfwlyh iru prghoolqj wkh ehkdylrudo

surshuwlhv ri yrodwloh orz iuhtxhqf| +h1j1 zhhno|2prwko|, dvvhw uhwxuqv zklfk duh frq0

vwuxfwhg dv vxpv +surgxfwv, ri kljk iuhtxhqf| uhwxuqv +h1j1 gdlo|2krxuo|, 1 Iru d jhqhudo

vxuyh| rq wkh ghyhorsphqw ri sulflqj prghov iru vwdeo|0glvwulexwhg dvvhwv/ vhh PfFxoorfk

+4<<9,1 Vhh/ dovr/ Jdpurzvnl dqg Udfkhy +4<<<,/ dqg wkh flwdwlrqv wkhuhlq/ iru wkh uhfhqw

ghyhorsphqw ri d vwdeoh0odz fdslwdo dvvhw sulflqj prgho1

Dowkrxjk uhvhdufk lq vwdwlvwlfdo dqg hfr



lqj rxw0ri0vdpsoh ydoxhv ri wkh lq�qlwh yduldqfh surfhvv [ edvhg rq wkh dydlodeoh lqirupd0

wlrq [4> ===> [q1 Lq sduwlfxodu/ zh ghyhors phwkrgv zklfk gudpdwlfdoo| vlpsoli| h{lvwlqj

vroxwlrq phfkdqlfv iru ghulylqj wkh rswlpdo olqhdu iruhfdvw/ dqg surylgh suhglfwlrq zklfk

xqlirupo| rxw0shuirupv h{lvwlqj frpsxwdwlrqdoo| exughqvrph whfkqltxhv1

Li zh ghqrwh e| O wkh odj rshudwru/ zh kdyh

!
s
+O,[w @ �t+O,�w> +4,

zkhuh zh uhvwulfw wkh sro|qrpldov !s+O, @ 4 . }!4 .===. }s!s dqg �s+O, @ 4 . }�4 .===.

}t�t wr kdyh qr frpprq urrwv/ dqg wr vdwlvi|

!s+O,�s+O, 9@ 3 ;} 5 U vxfk wkdw m}m ? 4= +5,

Lq sduwlfxodu/ zh dvvxph !s+O, kdv qr urrwv rxwvlgh wkh xqlw flufoh1 Lw iroorzv +vhh Eurfn0



wkh ppvh suhglfwru lv rswlpdoo| olqhdu dqg lghqwlfdoo| wkh frqglwlrqdo h{shfwdwlrqv1 Wkh

olqhdu vsdfh ri wkh vwdeoh0odzv zlwk 4 � � ? 5/ krzhyhu/ lv d Edqdfk vsdfh/ dqg zkhqhyhu

� ? 4/ rqo| d phwulf vsdfh1 Lqghhg/ zkhq � ? 5/ lq prvw fdvhv zh pxvw fkrrvh ehwzhhq

plqlpl}lqj dq dffhswdeoh O�0phwulf/ ru hpsor|lqj wkh wudglwlrqdo frqglwlrqdo h{shfwdwlrqv

irup/ H ^[q.nm[4> ===> [q`



vwdqgdug f1i1 pdqlsxodwlrq glfwdwhv wkdw
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zkhuh wkh �qlwhqhvv ri wkh uhvxowlqj vfdoh iroorzv qhfhvvdulo| iurp +6,1 Wkxv/ plqlpl}dwlrq

ri wkh suhglfwlrq huuru glvshuvlrq lv lghqwlfdo wr wkh sureohp ri �qglqj d yhfwru d zklfk

plqlpl}hv wkh vwdeoh0vfdoh dvvrfldwhg zlwk wkh suhglfwlrq huuru/ surylghg wkh huuru lv vwdeo|

glvwulexwhg1 Lq rughu wr vhh wkdw wkh suhglfwlrq huuru ah � a[q.n �
S

q

l@4 dl[q.4�l lv

jryhuqhg e| d vwdeoh0odz ;q � 4/ revhuyh wkdw
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lpsolhv d frpsxwdwlrqdoo| h{whqvlyh vroxwlrq whfkqltxh/ dqg zkhq � ? 4 wkh vroxwlrq vhw

lv w|slfdoo| qrw xqltxh1 Vhh Folqh dqg Eurfnzhoo +4<;8= Wkhruhp 615 dqg Ohppd 714,1



. e?��4A ^}6> e}5`� e| lqvshfwlrq ri wkh vwdeoh fkdudfwhulvwlf ixqfwlrq dqg vshfwuxp/ Fi1

Ploohu +4<::,



ri olqhdu xqeldvhg suhglfwruv1

Wkh uhvw ri wkh sdshu lv rujdql}hg dv iroorzv1 Lq Vhfwlrq 5/ zh ghulyh wkh uhodwlrqvkls

ehwzhhq wkh frqglwlrqdo h{shfwdwlrqv/ dqg wkh xqeldvhg dqg plqlpxp glvshuvlrq olqhdu

suhglfwruv1 Zh vxevhtxhqwo| frqvwuxfw rswlpdo surmhfwlrq ixqfwlrqv iru dv|pswrwlf dqg

wuxqfdwhg suhglfwruv/ dqg h{solflwo| ghulyh rswlpdo vroxwlrqv dffruglqj wr wkh fryduldwlrq0

ruwkrjrqdolw| fulwhulrq iru DU+s, dqg DUPD+4> 4, surfhvvhv lq Vhfwlrqv 6 dqg 71 Vhfwlrq 8

iroorzv zlwk ghulydwlrqv iru kljkhu rughu prylqj dyhudjh dqg DUPD surfhvvhv/ lqfoxglqj

wkh fkdudfwhul}dwlrq ri d idvw qxphlufdo dojrulwkp iru vroylqj wkh ehvw olqhdu xqeldvhg

suhglfwru edvhg rq uhvxuvlyh suhglfwlrq uhvlgxdov1 Vhfwlrq 9 frqfoxghv zlwk d qxphulfdo

frpsdulvrq ri wkh plqlpxp glvshuvlrq dqg xqeldvhg suhglfwruv1

51 Frqglwlrqdo H{shfwdwlrqv dqg Fryduldwlrq0Ruwkrjrqdo Olqhdu Suhglf0

wruv Rxu lqyhvwljdwlrq ehjlqv zlwk dq duwlfxodwlrq ri wkh uhodwlrqvkls ehwzhhq pxowlydul0

dwh frqglwlrqdo h{shfwdwlrqv/ wkh FROS/ dqg suhglfwru xqeldvhgqhvv zkhq wkh lqqrydwlrqv

vhtxhqfh �w lv jryhuqhg e| dq llg vwdeoh0odz1 Ixuwkhu ghwdlov fdq eh irxqg lq Fdpedqlv

dqg Zx +4<<5, dqg Vdprurgqlwvn| dqg Wdttx +4<<7,1 Wkurxjkrxw/ zh dvvxph � 5 +3> 5,>

� 9@ 4=

Ohppd 4 +H{lvwhqfh, Ohw [4> ===> [q>[q.n eh mrlqwo| � 5� 5 >3 >
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zklfk lv/ e| gh�qlwlrq/ +lll,1 Zh frqfoxgh wklv surri e| hvwdeolvklqj wkh lghqwlw| ehwzhhq

+l, dqg +y,= Qrz/ frqvlghu dq| olqhdu suhglfwru/ vd|

a[q.n @
q[
l@4

el[q.4�l> +4:,

dqg revhuyh wkdw zh kdyh wkh wdxwrorjlfdo uhjuhvvlrq irup

[q.n @
q[
l@4

el[q.4�l . �h +4;,

zkhuh �h @ [q.n �
S

q

l@4 el[q.4�l lv jryhuqhg e| d vwdeoh0odz ;el 5 +�4>4,/ Fi1 +:,1

Wkhuhiruh/ e| +6, dqg +8,/ glvs+H ^�hm[4> ===> [q`, lv lghqwlfdoo|

q�4[
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������
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.
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m�q.l +d4 � e4, . ===. �l +dq � eq,m
�
>

zklfk lv wulyldoo| plqlpl}hg e| vhwwlqj em @ dm ;m @ 4==q=

Uhpdun 4 = Wkh lghqwlw| ri +l, 0 +y, krogv iru dq| +srvvleo| pd{lpdoo|, vnhzhg

vwdeoh q . 4 yhfwru +[> \ ,1 Lqghhg/ lq jhqhudo zh gr qrw hyhq uhtxluh wkh vwlsxodwlrqv

ghwdlohg lq +4, 0 +6,1 Lq rughu wr h{solflwo| ghulyh wkh rswlpm
(4)Tj
ET,8wi6



orqj wr wkh grpdlq ri dwwudfwlrq ri d vwdeoh0odz duh qrw jxdudqwhhg wr jhqhudwh d olqhdu

frqglwlrqdo h{shfwdwlrqv1 Lq sduwlfxodu/ frqglwlrq +lll, zloo qrw eh dssursuldwh/ dqg frq0

glwlrqv +l, dqg +ly, duh fhuwdlqo| qrw qhfhvvdulo| lpsolhg1 Vhh Flrf}hn dqg Wdttx +4<<7,1

Zh ohdyh iru Vhfwlrqv 6 dqg 7 ghwdlov rq wkh xqltxhqhvv ri wkh vroxwlrq vhw d lq Ohppd

41

61 Olqhdu Suhglfwlrq zlwk DU+S , Surfhvvhv Zh ehjlq e| hvwdeolvklqj d jhqhudo

uhvxow zklfk fkdudfwhul}hv wkh xqltxh olqhdu surmhfwlrq a[q.n @ S +[q.n>[, edvhg rq

fryduldwlrq0ruwkrjrqdolw|1 Wkh iroorzlqj ohppd hvwdeolvkhv frqfuhwho| wkdw wkh FROS lv

wkh PGOS dv q $ 4 iru dq| vwdwlrqdu| DUPD �0vwdeoh surfhvvhv1 Zh vxevhtxhqwo|

ghulyh wkh FROS iru dq| �qlwh rughu dxwruhjuhvvlyh surfhvv/ dqg frqfoxgh wkh vhfwlrq

e| surylqj wkh FROS lv wkh ehvw olqhdu xqeldvhg hvwlpdwru iru dq| vwdwlrqdu| DUPD

�0vwdeoh surfhvvhv dqg dq| q � 41 Lq rughu wr h{sorlw wkh surshuw| ri txdvl0olqhdulw| lq

wkh vhfrqg dujxphqw ri wkh fryduldwlrq/ zh uhtxluh wkh dvvxpswlrq wkdw lq doo fdvhv wkh

yhfwru +[4> ===> [q>\ , � V�V1 Lw vkrxog eh srlqwhg rxw wkdw lq wkh mrlqw V�V fdvh/ +46,

lv wulyldoo| vdwlv�hg +Fdpedqlv dqg Zx/ 4<<5,/ khqfh lw vx!fhv wr frqvlghu frqglwlrq +lll,

ri Ohppd 41

Ohppd 5 +Xqltxhqhvv, Iru dq| DUPD+s> t, surfhvv [q dvvxph +4,0+6, duh wuxh/ dqg

ghqrwh e| aV wkh fodvv ri udqgrp yduldeohv ri wkh irup
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frqvlvwv ri h{dfwo| rqh hohphqw/ a\q @
Sq

l@4 �l[q.4�l> dv q$41 Pruhryhu/ wkh pdsslqj

\ $ a\q lv olqhdu rq aV= Ixuwkhu/ dv q $ 4 wkh udqgrp yduldeoh a\q lv wkh xqltxh hohphqw

ri wkh vhw
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Lq wkh olplw/ wkh vx!flhqf| ri dm @ �m > m @ 4==q/ lv wulyldo1 Qrz/ e| +54, iru w @ q/
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Iru qrq0ghjhqhudwh vhtxhqfhv i�mjm�4/ zh frqfoxgh qhfhvvdulo| wkdw �q @ dq dv q $ 41

Lw iroorzv uhfxuvlyho| wkdw dv q$4 htxdolw| lq +54, krogv li dqg rqo| li dm @ �m > m @ 4==q/

khqfh wkh xqltxh hohphqw ri wkh vhw S\
q

dv q $ 4 lv a\q @
Sq

l@4 �l[q.4�l> dv fodlphg1
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Fruroodu| 6 Iru dq| DUPD+s> t, surfhvv [q dvvxph +4,0+6, duh wuxh/ dqg ghqrwh e| aV

wkh fodvv ri udqgrp yduldeohv gh�qhg lq Ohppd 51 Pruhryhu/ ghqrwh e| H3 wkh hyhqw wkdw

H^\ �
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Pruhryhu/ wkh pdsslqj \ $ a\q lv olqhdu rq aV= Ilqdoo|/ olpq$4 ��l @ olpq$4 ��l>w @ �l

iru hyhu| l @ 4> 5> ===

Uhpdun 4 = Wkh vhw �S\
q

gh�qhv wkh xqltxh wuxqfdwhg fryduldwlrq ruwkrjrqdo sur0

mhfwlrq ri aV $ vsdq+[4> ===[q,> wkh vsdfh ri doo olqhdu frpelqdwlrqv ri wkh dydlodeoh gdwd1

Iru odujh q ?4/ +54, dqg +55, ghprqvwudwh wkdw wkh wuxqfdwhg FROS zloo eh dssur{0

lpdwho| wkh PGOS dv q jurzv odujh1 Frqyhuvho|/ iru odujh q wkh PGOS zloo eh urxjko|

xqeldvhg1 Krzhyhu/ iru jhqhudo DU+s, surfhvvhv/ wkh iroorzlqj uhvxow hvwdeolvkhv wkdw wkh

wuxqfdwhg FROS lv lghqwlfdoo| wkh PGOS surylghg q � s1

Wkhruhp 7 Ohw [4> ===> [q>[q.n eh mrlqwo| �0vwdeoh zlwk � 5 +3> 5,> dqg dvvxph +4, 0

+6, krogv zlwk t @ 3> q � s1 Wkhq/ surylghg n @ 4/ +l,0 +y, ri Ohppd 4 hdfk surylgh dm
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@ !m/ m @ 4==s1 Pruhryhu/ ;n � 4 zh rewdlq wkh uhfxuvlyh uhodwlrqvkls

a[q.n @ !4
a[q.n�4 . ===. !

s
a[q.n�s +59,

zkhuh rswlpdoo| a[m @ [m ;m � q1 Ixuwkhu/ a[q.n rewdlqv wkh plqlpxp ohyho ri huuru

glvshuvlrq1

Surri1 +59, lv lpphgldwh e| Ohppd 5 dqg Fruroodu| 61 Iru wkh uhvxowlqj plqlpl}hg

ohyho ri glvshuvlrq/ vhh Folqh dqg Erfnzhoo
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